Abstract. We prove that the chain operad of little disks is formal in characteristic zero, and discuss briefly the relation with Kontsevich formality in deformation quantization.
Introduction
This Letter is a printed version (with minor changes) of [10] . We prove that the Q-chain operad of little disks is formal. This means that it is quasi-isomorphic to its homology operad which is known to be the operad of Gerstenhaber algebras. Maxim Kontsevich [6] has found a proof of a more general result: chain operad of little n-dimensional disks is formal for all n as an operad of coalgebras.
The relation of this formality to Kontsevich's formality theorem is explained in [6] . The key point is that by Deligne's conjecture ([7, 8] ) the chain operad of little disks acts on the Hochschild cochain complex of any associative algebra. Therefore, we have a homotopy action of the operad of Gerstenhaber algebras on Hochschild cochain complex of any associative algebra over a field of characteristic zero.
It is explained in [4] [5] [6] , and [9] how this action implies Kontsevich's formality theorem. To avoid misleading the reader, let us mention that it is only in [6] that the above mentioned homotopy action of the operad of Gerstenhaber algebras is constructed by means of Deligne's conjecture; the other papers use an approach based on the Etingof-Kazhdan dequantization theorem. In the original paper of the author [9], the Etingof-Kazhdan theorem was used in the opposite, i.e. quantization, direction, which resulted in a more complicated proof. The papers [4, 5] use EtingofKazhdan theory in a more clever way, thus making the argument more simple and natural.
Being different in establishing the homotopy Gerstenhaber algebra action, the above-mentioned papers use it in the same way to obtain a proof of Kontevich's theorem. Let me briefly outline how it goes. To be specific, consider the case when our associative algebra A is the algebra of polynomials in n variables (the case ? Supported in part by an NSF grant. 66: 65-72, 2003 . n Þ is fairly similar). Instead of showing that the differential graded Lie algebra on C Ã ðA; AÞ, the Hochschild cochains of A, is formal, one proves the formality of the homotopy Gerstenhaber algebra structure on C Ã ðA; AÞ, which means that there exists a quasi-isomorphism between our homotopy Gerstenhaber algebra structure on C Ã ðA; AÞ and the induced Gerstenhaber algebra structure on HH Ã ðA; AÞ, the Hochschild cohomology of A, the latter being the so-called NijenjuisSchouten algebra of polyvector fields. This formality follows by the standard argument from the obstruction theory, which implies even a more general result: let V be a homotopy Gerstenhaber algebra such that the induced Gerstenhaber algebra structure on the cohomology of V is isomorphic to the Nijenhuis-Schouten algebra, then this structure on V is formal. How does this formality imply Kontsevich's formality? First, whenever we have a (homotopy) Gerstenhaber algebra structure on a complex V, we also have, as its part, a differential graded (homotopy) Lie algebra structure on the shifted complex V½1. A quasi-isomorphism of homotopy Gerstenhaber algebras induces a quasiisomorphism of these underlying homotopy Lie algebras. Thus, the homotopy Lie algebra structure on C Ã ðA; AÞ[1] induced by the homotopy Gerstenhaber structure is quasi-isomorphic to the differential graded Lie algebra structure on HH Ã ðA; AÞ[1] determined by the Schouten bracket. To complete the proof of Kontsevich's formality theorem, it remains to establish a quasi-isomorphism of the homotopy Lie algebra structure on C Ã ðA; AÞ½1 induced by the homotopy Gerstenhaber structure on C Ã ðA; AÞ with the Lie structure on C Ã ðA; AÞ[1] given by the Gerstenhaber bracket (this was not done in the first version of [9] ; the author thanks Maxim Kontsevich for pointing at this flaw). It turns out that for each known construction of homotopy Gerstenhaber algebra structure on C Ã ðA; AÞ, this quasi-isomorphism can be established more or less straightforwardly. This concludes the proof.
Letters in Mathematical Physics
Let us now come back to the content of this Letter and present the plan of our proof of formality of the chain operad of little discs.
Step 1. We use a homotopy invariant definition of a little disks operad as in [2] . This definition specifies a class of homotopy equivalent operads in such a way that a conventional little disks operad is in this class as well as any homotopy equivalent operad. The definition of this class can therefore be viewed as a criterion for an operad to be homotopy equivalent to the conventional operad of little disks. This criterion is called Fiedorowicz's recognition principle.
Next we pick a representative from the class of little disks operads (which is not the conventional little disks operad). This representative is obtained as a topological realization of a certain simplicial operad which in turn is an operad of nerves of a certain operad of groupoids PaB. The latter operad was defined in [1] where it was used to define the Grothendieck-Teichmu¨ller group and Drinfeld's associator.
Step 2. We take a k-linear span of PaB and complete it with respect to the augmentation ideal. Drinfeld's associator induces a morphism from this operad to a much simpler one (as in (9)). This induces a quasi-isomorphism of the corresponding
